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Semiclassical description of photoionization microscopy
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Recently, experiments have been reported where a geometrical interference pattern was observed when
photoelectrons ejected in the threshold photoionization of xenon were detected in a velocity-map imaging
apparatus@C. Nicole et al., Phys. Rev. Lett.88, 133001~2002!#. This technique, called photoionization mi-
croscopy, relies on the existence of interferences between various trajectories by which the electron moves
from the atom to the plane of observation. Unlike previous predictions relevant to the hydrogenic case, the
structure of the interference pattern evolves smoothly with the excess energy above the saddle point and is only
weakly affected by the presence of continuum Stark resonances. In this paper, we describe a semiclassical
analysis of this process and present numerical simulations in excellent agreement with the experimental results.
It is shown that the background contribution dominates in the observations, as opposed to the behavior
expected for hydrogenic systems where the interference pattern is qualitatively different on quasidiscrete Stark
resonances.
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I. INTRODUCTION

Though it was one of the first problems treated in t
framework of quantum mechanics, the Stark effect of sim
atoms is still topical both from the experimental and theor
ical point of view ~see, e.g., Refs.@1–3#!. One of the major
interests of the Stark effect is the possibility to produce q
sidiscrete resonances, which are directly coupled to the
ization continuum. Not only does this particular feature
low the study of important types of dynamical behav
regarding the photoionization process itself, but, more in
estingly from the point of view of the work presented here
simple atomic system placed in an external electric field
excited in the region around the ionization threshold rep
sents a prototypical atomic system with a large spatial ex
sion that can be observed directly in the macroscopic wo
In other words, the physical information contained in t
outgoing flux of electrons produced in a photoionization e
periment provides macroscopic information that can direc
be related to the microscopic nature of the electron motio
the vicinity of the nucleus. This offers the opportunity
visualize, on a macroscopic scale, the intimate nature of
electronic wave function of an atomic system.

Recent developments in the field of photoelectron im
ing have allowed the direct observation of the oscillato
structure of a wave function, first in the simple case of ph
todetachment@4# and more recently in the more comple
case of photoionization@5#. This kind of photoelectron im-
aging is denoted as microscopy, since it introduces the c
bility of visualizing an electronic wave function~or more
precisely: its square modulus! on a macroscopic scale. Th
principle of photodetachment and photoionization micr

*Present address: Philips Electronics Nederland
Prof. Holstlaan 4, 5656 AA, Eindhoven, The Netherlands.
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copy was initially introduced in the early 1980s by Demk
@6#, Kondratovich and Ostrovsky@7–10#. These authors dis
cussed the possibility of an experiment where the tw
dimensional flux of electrons escaping from a photodeta
ment or photoionization process in the presence of an ele
field could be measured using a position-sensitive dete
located at a macroscopic distance. On the detector, the im
formed by the electrons is the square modulus of the tra
verse component of the electronic wave function. Obser
oscillatory patterns can be interpreted as a manifestatio
interferences among various classical trajectories by wh
the electron moves from the atom to the plane of detect
In photodetachment, only two trajectories interfere at ea
detector position and the observed structures can easil
interpreted based on analytical expressions of the phase
cumulated along both trajectories@6,7#. In the case of photo-
ionization, the trajectories are considerably more comp
@8,11,12# and one has to take into account the interferen
among an infinite number of classical paths. The sim
parabolic trajectories relevant to the case of photodetachm
are strongly perturbed, due to the Coulomb interaction
tween the ejected electron and the residual ion. Theref
two-dimensional flux measurements are predicted to sho
considerably more complex structure. As shown in Fig.
the combination of the Coulomb and Stark fields gives rise
the formation of a saddle point in the potential experienc
by the electron, which lies at an energy

Esp522AF. ~1!

The zero of the energy scale is defined as the field-free
ization limit. Here and in the following, we consider on
ionization of neutral atoms, i.e., the residual charge of the
is set toZ51. Except when explicitly specified, all formula
are given in atomic units. Above the saddle-point energy,
continuum is highly structured and exhibits quasidiscr
Stark resonances manifesting the presence of long-lived e
tron trajectories.
,
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BORDAS et al. PHYSICAL REVIEW A 68, 012709 ~2003!
In this paper, we describe an analysis of the experime
results obtained recently in photoionization microscopy
xenon@5#. These results are analyzed within the framewo
of the semiclassical model described in a series of paper
Kondratovich and Ostrovsky@7–10#. However, as oppose
to the hydrogenic development followed in these papers,
do not make any further approximations beyond the stand
semiclassical description. More specifically, in order to
count for the experimental observations, we will consider
classical trajectories and the phase~or reduced action! accu-
mulated along these trajectories. In this process, we c
pletely neglect tunneling integrals that do not correspond
any existent open classical trajectory. Furthermore, tho
the Stark spectrum is highly structured aboveEsp, we will
not apply any quantization conditions but will treat the ent
energy domain of interest as a dense continuum. This
sumption is supported by the high degree of mixing amo
all quasidiscrete Stark states and also by the finite width
every resonance in combination with the limited resolut
of the excitation laser~typically 0.1 cm21!. Replacing the
Stark resonances by a simple continuum when evaluating
interference pattern will be further justified by the high d
gree of agreement observed between the experimental re
and the simulations~see Sec. V!. The excitation of a dense
continuum contrasts with the case of a pure hydrogenic
tem where well-defined parabolic states are individually
cessible with a fringe pattern that is a function of the qu
tization along coordinatej. In the xenon experiments, one o
the most striking experimental features observed was
smooth evolution of the oscillatory structure as a function
the excess energy above the ionization threshold. We
show that this feature can be entirely accounted for by
suming an initially isotropic electron angular distribution.

FIG. 1. Schematic view of the potential energyE resulting from
the combination of the Coulomb and Stark fields in a fieldF
51 a.u.~all quantities are given in atomic units!. A saddle point at
energy Esp appears in the potential experienced by the Rydb
electron.
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other words, instead of a well-structured atomic wave fu
tion at short range such as in atomic hydrogen, which
characterized by pure parabolic quantum numb
(n1 ,n2 ,m,) and a strong alignment of the electron wa
packet with respect to the electric-field axis, the strong m
ing among all parabolic states in a nonhydrogenic system
the consequence that the short-range wave function may
proximately be described by a simples wave without intro-
ducing significant errors in the final computational results

In the following, our description will be limited to the
region of negative energies above the saddle point for
sake of clarity, the present experimental results being limi
to that region. However, the extension to the continuum
higher~positive! energies does not introduce any specific d
ficulty, and only minor modifications to the explicit formul
given in the present paper are required.

II. CLASSICAL TRAJECTORIES

It is well known that the equations of the classical moti
of an electron in the combination of a Coulomb attracti
and a uniform electric fieldF directed along thez axis are
separable in parabolic coordinates@14,15#:

j5r 1z, h5r 2z, w5tan21~y/x!. ~2!

The classical problem of a hydrogen atom in an elec
field is fully integrable and has exact analytical solution
Beletzky@13# has extensively studied the nature of these
lutions in the context of celestial mechanics. In quantum m
chanics, exact numerical solutions may be obtained. H
ever, the presence of an ionization continuum at any ene
prevents the existence of analytical stationary solutions.
classical motion has been described thoroughly by Kond
tovich and Ostrovsky in Ref.@8# and we have already ana
lyzed this motion in the particular context of slow photoele
tron imaging in Ref.@12#. In the following, we recall the
main results of this analysis with emphasis on the case
negative energies. Explicit formulas relevant to the other
mains of energy are available in Refs.@7–10# and @17–19#.
We emphasize the nature of the classical trajectories and
ticularly the distinction between direct and indirect trajec
ries, which is of primary importance in the image and frin
pattern formation. Introducing the reduced time variablet
according todt5dt/r , the equations of motion for an elec
tron of total energyE in a static electric fieldF may be
written as follows in atomic units:

dj

dt
52jS E

2
1

Z1

j
2

pf
2

4j22
Fj

4 D 1/2

,

dh

dt
52hS E

2
1

Z2

h
2

pf
2

4h2 1
Fh

4 D 1/2

. ~3!

In the following, we describe only the planar motion cha
acterized by a zero value of the projection of the orbi
angular momentumpf on the field axisF. In fact, this sim-
plification does not introduce any lack of generality, since
Coulomb field affects the trajectories at very large distan

g
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SEMICLASSICAL DESCRIPTION OF . . . PHYSICAL REVIEW A 68, 012709 ~2003!
~several microns! compared to atomic distances and the
bital angular momentumpf ~similar to the magnetic quan
tum numberm! does not significantly influence the electro
motion in the present case. The separation constantsZ1 and
Z2 ~whereZ11Z251, the atomic charge of the ion core! are
related to the ejection angleb between the initial velocity of
the photoelectron and the electric field axis by

Z15cos2~b/2! and Z25sin2~b/2!. ~4!

A schematic view of the experimental process, showing
relevant angles, is presented in Fig. 2. Integration of Eq.~3!
gives the parabolic coordinatesj and h as Jacobi elliptic
functions of the reduced time variablet. The general solu-
tions are available in Ref.@8#. Below, we simply recapitulate
the notations and results valid in the energy domainEsp<E
<0 relevant to the experimental situation described here

Let us first consider the motion along thej coordinate.
Along this coordinate, the classical motion is periodic int
and confined in the region 0<j<jmax with the maximum
valuejmax defined as

jmax5
uEu
F F S 11

Z1

Zc
D 1/2

11G , ~5a!

where we have introduced the critical separation constan

Zc5
E2

4F
. ~5b!

The expression for thej coordinate of the electron is

j~t!5
jmaxsn2~wumj!

mj
212sn2~wumj!

, ~6a!

where the variable and argument of the elliptic sine funct
are defined, respectively, as

FIG. 2. Schematic view of the experimental arrangement u
for photoionization microscopy. Photoionization occurs at pointO.
The electric field is oriented along thez axis, perpendicular to the
detector. The laser polarization is oriented along thex axis. The
angleQ between thex axis and the plane of trajectory, and the ang
b between the initial velocityn̄0 and the electric field are indicated
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&
S 11

Z1

Zc
D 1/4

A2E t, mj5
1

2 S 12
1

A11Z1 /Zc
D .

~6b!

The nature of the motion along theh coordinate depends o
the relative value of the separation constantZ2 compared to
the critical separation constantZc .

~i! For Z2,Zc ~i.e.,E,22AZ2F), the electron motion is
bound. An electron that is launched at an angleb,bc—such
that E,22AZ2F—can never escape the attractive field
its ion, even though its energy lies above the saddle po
The critical anglebc is

bc52 arcsinS 2E

2AF
D . ~7!

~ii ! For Z2>Zc ~i.e., 0>E>22AZ2F), the expression
for the h coordinate of the electron is

h~t!5h1S 12cn~Qumh!

sn~Qumh! D 2

, ~8a!

where

h15
uEu
F S Z2

Zc
D 1/2

, ~8b!

and the variable and argument of the elliptic functions
defined, respectively, as

Q5S Z2

Zc
D 1/4

A2E t, mh5
1

2 F11S Zc

Z2
D 1/2G . ~8c!

Equation~8a! implies that the electron escapes to infini
when sn(Qumh) vanishes, i.e., whenQ52K (mh), where
K (mh) is the complete elliptic integral of the first kind
Therefore, ejection of the electron to infinity corresponds
a reduced time given byt5Th with

Th52K ~mh!S Zc

Z2
D 1/4

~2E!21/2. ~9!

On the other hand, the motion along coordinatej de-
scribed by Eq.~6a! is periodic int with a periodTj given by

Tj52&K ~mj!S 11
Z1

Zc
D 21/4

~2E!21/2. ~10!

The number of zeros along coordinatej, i.e., the number
of crossings of the electron trajectory with thez axis ~field
axis! during the motion of the electron from the force cen
to infinity ~not counting the force center itself! is thus the
integer part of the ratioTh /Tj . One can find an infinite
number of photoelectron trajectories passing through
point (j0 ,h0) in the classically accessible region. Followin
Kondratovich and Ostrovsky@8#, these trajectories are clas
sified according to the numberN of oscillations alongj,
whereN is defined as the number of maxima appearing
j~t!. Furthermore, trajectories are labeled ‘‘1’’ or ‘‘ 2’’, de-

d
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BORDAS et al. PHYSICAL REVIEW A 68, 012709 ~2003!
pending on whether the number of zeros alongj(t) is equal
to N or N21. ForN50, only the 01 trajectory exists. These
basic properties of the electron trajectories are exemplifie
Fig. 3. From the point of view of the formation of the imag
this classification of the trajectories is extremely important
it defines the distinction between direct trajectories and in
rect trajectories introduced in our previous papers. Dir
trajectories correspond to the case where the electro
ejected approximately in the direction of the detector with
crossing of thez axis~no zeros inj!. These direct trajectorie
are not unlike the trajectories which occur in the case oZ
50 ~photodetachment!, where the electron follows a para
bolic trajectory to the plane of detection. By contrast, in
rect trajectories correspond to the case where the electro
scattered by the core and crosses thez axis at least once~i.e.,
one or several zeros inj!. Hence, in photoionization (Z
51), low-energy photoelectrons will contribute to one
two distinct concentric structures depending on the direc
of the electron emission, namely, an inner structure co
sponding to electrons ejected down field towards the hol
the Coulomb1dc electric-field potential~direct ionization!
and an outer one corresponding to electrons ejected a
from the hole, which only ionize following further interac
tions with the ionic core~indirect ionization!. Recently, we
published the experimental observation of this phenome
@20# in imaging of the photoionization of atomic xenon. Th
observed images exhibited an outer ring, corresponding
the indirect ionization process, and an inner ring correspo
ing to the direct ionization process, and clearly revealed h
the indirect process dominates at threshold whereas the d
process dominates at higher excitation energies and a
the field-free ionization limit. Therefore, direct trajectori
build up the central part of the image with a radiusRI ~see
Fig. 4!, while indirect trajectories also contribute to the e
ternal part of the image up to a radiusRmax

c given by

Rmax
c 5S E

F
1

2

AF
D 1/2

~A2L !5F2LS E2Esp

F D G1/2

, ~11!

FIG. 3. Examples of trajectories in a fieldF51 V/cm at an
energyE522 cm21. In that case, since the energy lies above
onset of direct trajectories atEdir'24.73 cm21, the direct trajec-
tories 01 and 12 are allowed.
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where L is the distance between the force center and
detector. According to the notation introduced above, dir
trajectories are denoted 01 and 12. All other trajectories are
indirect. The variation of the radius of impactR on the de-
tector as a function of the ejection angleb and the connec-
tion of theN6 index of the trajectory is illustrated in Fig. 5
There are an infinite number of indirect trajectories reach
each accessible point on the detector. However, the rela
importance of each of these trajectories depends on
electric-field strength and on the energy of the outgoing e
tron. For example, just belowE50 most trajectories are di
rect, while just above the saddle point all trajectories
indirect. The distinction between direct and indirect trajec
ries allows introducing an energy thresholdEdir that corre-
sponds to the onset of direct trajectories. BelowEdir no direct

e FIG. 4. Maximum radius of impact neglecting the Coulom
term Rmax

0 ~dotted line! and taking the Coulomb term into accoun
Rmax

C ~broad solid line!, as a function of the reduced energy«. At
large« values,Rmax

0 andRmax
C do not differ significantly, while for

21<«<1 the effect of the Coulomb interaction cannot be n
glected. The radiusRI represents the maximum radius of impact f
direct trajectories that never cross the field axis.

FIG. 5. Typical examples of the variation of the radius of impa
R(E,F,b) as a function of the ejection angle. TheN index of the
trajectory relevant to the corresponding region of space is indica
Left: E50, all trajectories are open irrespective of angleb. Right:
E50.6Esp, electrons launched at an angleb smaller than the criti-
cal anglebc @Eq. ~7!# can never escape the Coulomb attraction.
9-4
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SEMICLASSICAL DESCRIPTION OF . . . PHYSICAL REVIEW A 68, 012709 ~2003!
trajectories are allowed for any ejection angleb, while above
Edir trajectories 01 and 12 exist for a limited range of ejec
tion angles. The limit of vanishing direct trajectories corr
sponds to the case whereTj5Th when Z1→0. Combining
Eqs.~6c! and~8c! giving the arguments of the Jacobi ellipt
function and Eqs.~9! and ~10! for the period along both
coordinates, one finds in the end,

Edir5kEsp, ~12!

with k being the solution of

&K ~ 1
2 1 1

2 k!Ak5p. ~13!

The constantk5Edir /Esp is '0.775 156 372 63... . Note tha
this threshold energyEdir , used in our previous paper@5#, is
determined here exactly. Although of less general importa
than the saddle-point energy, it is another remarkable va
since the qualitative appearance of the image is radic
modified at this energy. Indeed, just aboveEdir , direct tra-
jectories appear in the center of the image as a very inte
spot, as if the corresponding electrons were focused by
bottleneck in the Coulomb1dc field potential surface.

In summary, the analysis of classical trajectories allows
distinguish four regions of energy:~1! below the saddle-poin
energy (E,Esp), the electron motion is bound;~2! for Esp
<E,Edir , only indirect trajectories are allowed, which e
hibit at least one crossing of thez axis; ~3! for Edir<E,0,
direct and indirect trajectories coexist;~4! for 0<E, the mo-
tion is always open along theh coordinate.
In cases~2! and ~3! that are considered here, the motion
bound alongj; it is bound alongh if b,bc , and open along
h if b>bc .

Note that the topology of the electron trajectories, a
hence the pattern of impacts at large distance, depends
on the dimensionless parameter introduced in Eq.~5b!, Zc
5«2, with the reduced energy«5E/Esp. The parameterZc
~or equivalently«! is thus a measure of the relative streng
of the Coulomb and Stark fields.

A remarkable aspect of threshold photoionization is t
the radius of the image evolves rather differently when
Coulomb field is taken into account. While it is exactly pr
portional toF21/2 when neglecting the Coulomb field~as is
the case in photodetachment!, it is approximately propor-
tional toF21/4 in the region between the saddle-point ener
and the zero-field-ionization threshold. For example, aE
50, Eq.~11! gives exactlyRmax

c 521/2F21/4(2L)1/2. This dis-
tinction is essential in photoionization microscopy. The ev
lution of the overall features observed, in particular, the s
of the distribution of impacts, does not evolve linearly wi
F21/2 but it is proportional toF21/4. As a consequence, th
evolution of the image dimension as a function of the St
field magnitude is extremely slow as compared to the c
where the Coulomb field may be neglected.

III. ACCUMULATED PHASE AND SEMICLASSICAL
WAVE FUNCTION

As mentioned in the preceding section, the problem o
hydrogenic atom in a uniform electric fieldF oriented along
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the z axis is separable in parabolic coordinates@Eq. ~2!#.
Following the usual notations@14,15#, the eigenfunction may
be written as

C~j,h,w!5~2pjh!21/2x1~j!x2~h!exp~ imw!, ~14!

with the functionsx1 and x2 solutions of the ordinary dif-
ferential equations:

d2x1

dj2 1S E

2
1

Z1

j
2

m221

4j2 2
1

4
Fj Dx150, ~15a!

d2x2

dh2 1S E

2
1

Z2

h
2

m221

4h2 1
1

4
Fh Dx250, ~15b!

wherem is the magnetic quantum number, andZ1 andZ2 are
separation constants satisfyingZ11Z251 @see Eq. ~4!#.
Similar to the classical equations of motion, Eq.~15a! im-
plies that the motion along thej coordinate is always finite
However, it is not pertinent at this point to apply any qua
tization connectingZ1 to the energyE, which would be rel-
evant in the case of atomic hydrogen. Based on the dis
sion in the preceding section, the spectrum above the sa
point Esp in a nonhydrogenic atom~as described in the fol-
lowing! is treated as a true continuum and we do not c
sider the case of resonances in the final state.

In the discussion of the classical motion, we focused
the case of the planar motion withm50. The same restric-
tion will apply in our presentation of the semiclassical d
scription, i.e., we neglect the centrifugal term in the electr
energy and consider only the casem50. We introduce modi-
fied momenta@21# along j and h coordinates~respectively,
pj andph) as follows:

p̃j5S E

2
1

Z1

j
2

Fj

4 D 1/2

,

p̃h5S E

2
1

Z2

h
1

Fh

4 D 1/2

. ~16!

Following the description in the preceding section, there
ist in the case of unbound motion (Esp<E and Z2>Zc) an
infinite number of photoelectron trajectories passing via a
point M (j0 ,h0) in the classically accessible region. In th
semiclassical approximation, the photoelectron wave fu
tion at this given pointM (j0 ,h0) may be represented as
sum of the contributions from all trajectories leading fro
the electron source to the pointM as

C~M !5 (
N50

`

xN1 exp~ iSN1!1 (
N51

`

xN2 exp~ iSN2!,

~17!

wherexN1 andxN2 are slowly varying functions which de
pend on the separation constantZ1 ~or equivalently on the
ejection angleb! and on the angleu. The function xN6

5x(b,u) represents the ‘‘weight of a given trajectory.’’ It
precise determination supposes a full quantum descriptio
the problem and is therefore not attainable here. A deve
9-5
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BORDAS et al. PHYSICAL REVIEW A 68, 012709 ~2003!
ment on partial, waves is introduced below@Eq. ~23!#. It
will be restricted tos wave in a first step. The quantitySN6 is
the action along the classical trajectoriesN6, where as be-
fore N is the number of turning points between the origin a
the pointM, the superscript1 corresponds to the case whe
the number ofz-axis crossings equalsN, while the super-
scirpt 2 is is relevant to trajectories where this number
N21. The total action may be expressed as the sum of c
tributions of the momentum along thej and h coordinates,
respectively,

SN15E
0

h0
p̃h~Z2 ,E!dh12NSj1E

0

j0
p̃j~Z1 ,E!dj,

~18a!

SN25E
0

h0
p̃h~Z2 ,E!dh12NSj2E

0

j0
p̃j~Z1 ,E!dj,

~18b!

with

Sj5E
0

jmax
p̃j~Z1 ,E!dj, ~19!

wherejmax is thej coordinate of the turning point defined i
Eq. ~5!. The total action contains two terms related to pa
bolic coordinatej, namely, one that takes into account t
number of complete oscillations in thej coordinate per-
formed by the electron trajectory, and one taking into
count the accumulated phase from the last axis crossin
the trajectory until the arrival at the detector. The expli
expressions of the phase integrals introduced in Eq.~18! are
given as elliptic integrals of hypergeometric functions in t
papers of Kondratovich and Ostrovsky@7,16# and in a more
general although less handy form in Harmin@17–19#. Their
expressions restricted to the region of interest between
saddle-point and the zero-field-ionization energies are re
duced below for completeness.

The phase integralSj for the motion along thej coordi-
nate defined in Eq.~18! is finite and may be expressed as
function of the hypergeometric function as

Sj~Z1 ,E,F !5
pZ1

3/4t1/4

&F1/4
F~2 1

2 , 1
2 ,2;2t!, ~20a!

with F the hypergeometric function@22# and the parametert
given by

t5
~E214Z1F !1/21E

~E214Z1F !1/22E
. ~20b!

On the other hand, the phase integralSh for the motion along
theh coordinate is arbitrarily large ash tends towards infin-
ity ~macroscopic value!. Consequently, rather than the abs
lute phase, one has to evaluate the relative phase shiftSh

0,
being the difference betweenSh and the diverging part of the
integralsS0 with
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Sh~Z2 ,E,F !5E
0

h0
p̃h~Z2 ,E!dh5E

0

h0FE

2
1

Z2

h
1

Fh

4 G1/2

dh

~21a!

and

S0~E,F !5E
0

h0FE

2
1

Fh

4 G1/2

dh. ~21b!

According to Harmin, it follows that above the saddle-po
energy (Z2>Zc),

Sh
0~Z1 ,E,F !5Sh2S0

5
23/2pZ2

3/4

F1/4

x1/2

~11x!3/2FS 2
1

2
,
1

2
,2;

21

x D ,

~22a!

with

x5
2~Z2F !1/21E

2~Z2F !1/22E
. ~22b!

Compared to the case of photodetachment, where the e
tion of motion and the phase integrals are trivial expressi
of the electron energy and external field, there does not e
in the present case an obvious analytical form in terms
which the photoelectron trajectories and the accumula
phase shift can be discussed. As a consequence, it is
possible to express simply in a compact form general sca
laws governing the evolution of the observable features a
function of the electron energyE and the external static field
F. Therefore, in the following section some selected e
amples of simulations and comparisons with a limited nu
ber of experimental results are described.

The wave function@Eq. ~17!# at an arbitrary point on a
plane detector located at distanceL from the origin depends
both on the reduced actionSN6 and on the functionsxN6

5x(b,u) introduced above. In this paper, we chose som
what arbitrarily the expression of the functionx by expand-
ing this quantity in terms of partial, waves such that

x5(
,m

CN6
,m Y,

m~u,w!. ~23!

Since the semiclassical model does not allow to evaluate
function, we will restrict our examples to the simplest case
an s wave where the summation in Eq.~23! is restricted to
the term,50. In other words, we will give only example
corresponding to an isotropic initial distribution of traject
ries. Attributing the same weight to every trajectory is,
course, the main approximation made in the present sim
tion. However, this approximation is rather realistic, since
Stark resonance in the continuum of a nonhydrogenic a
consists of a mixture of a large number of parabolic eig
states and is less localized than the equivalent in hydrog
Furthermore, this approximation will be supported by a co
parison with the experimental results that clearly exhibi
limited dependence of the intensity on the angleu ~that has
9-6



e
-

c
p
re
s

as

r

n
t t

in

on

ry

le

v
te

o
th

t

th
n

os

ec
-

tal

-

s of
ibed
za-
u-
the
of
ly

the
to

will
ajor
in
cy.
fol-

s-
ed

rn
ddle
tion
sity
har-

u-
pre-
ni-
th
the
t of
i-
n

er-
nted
s a
ro-

ng
n,
ef-
of
elf.
all.
lf

SEMICLASSICAL DESCRIPTION OF . . . PHYSICAL REVIEW A 68, 012709 ~2003!
no influence on the interference pattern! with respect to the
polarization axis of the excitation laser and a smooth dep
dence on the ejection angleb with respect to the electric
field axis. The dependence onb changes only the relative
intensity of the various fringes but has a negligible influen
on their position. In addition and to the same order of a
proximation, we arbitrarily set the initial phase at the co
(r 50) to a constant value for all electron ejection angles,
that Eq.~18! may be used as is to compute the relative ph
at the detector.

The procedure for the calculation is thus as follows. Fo
given energyE, a given electric-field valueF, and a given
distanceL between the origin where the photoionizatio
takes place and the observation plane, we calculate firs
radius of impact as a function of the ejection angleR(b)
according to Eqs.~5!–~8!. Typical examples are presented
Fig. 5 together with theN index of the trajectory relevant to
the corresponding region of space. Next, the reduced actiS
along the trajectories is calculated according to Eqs.~18!–
~22!. Next, the final contribution of a classical trajecto
launched at a given angleb to C(M ) is weighted according
to the density of trajectories corresponding to that ang
Both the wave function@Eq. ~17!# and the electron flux,
which is proportional to the square modulus of the wa
function, may be expressed either in angular coordina
~b,u! or in the laboratory polar coordinates (R,u) corre-
sponding to the position on the plane detector. Here we n
that—when using angular coordinates—we prefer to use
ejection angleb rather than the azimuthal anglef, since it is
most relevant to the electron motion. The electron fluxI may
be expressed in both coordinate systems according to
relation

I b~b,u!Sbu5I R~R,u!SRu , ~24!

whereSbu5L2 sinb db du andSRu5R dR du are the corre-
sponding elementary surfaces. After transformation from
atomic angular frame to laboratory polar coordinates, o
obtains for the partial amplitudex in the detector frame,

xR~R,u!5S sinb

R
dR

db
D 1/2

Lxb~b,u!. ~25!

The resulting wave functionC(M ) at pointM (R,u) is sub-
sequently obtained by summing the amplitude over all p
sible trajectories according to

C„M ~R,u!…5(
i

@x~b i ,u!~sinb idb i !/~R dR!#1/2

3exp$ i @Sj~b i !1Sh~b i !#%, ~26!

whereb i represent all ejection angles leading to the det
tion of the electron at radiusR. The calculated radial prob
ability distributionPcalc(R) is then obtained according to

Pcalc~R!5RE uC„M ~R,u!…u2du. ~27a!
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This distribution is to be compared with the experimen
radial probability distributionPexpt(R) defined as

Pexpt~R!5RE P~R,u!du, ~27b!

whereP(R,u) represents the intensity distribution in the im
age in polar coordinatesR andu.

IV. SIMULATIONS

The aim of the present section is to compare the result
the simulations based on the semiclassical model descr
above with experimental results obtained in the photoioni
tion of xenon@5#. The experimental results show unambig
ously that in a nonhydrogenic system such as xenon,
evolution of the interference pattern is a smooth function
the energyE. The number of dark fringes increases smooth
from zero at the saddle point to large, but finite, values in
region of the open continuum. Here, our purpose is not
describe extensively these experimental results, which
be done in another paper. Rather, we will show that the m
experimental observations may be fully interpreted with
the semiclassical framework with a high degree of accura
The main experimental observations are essentially the
lowing:

~1! In photoionization, a clear oscillatory pattern is vi
ible in the high-resolution electron image that is observ
above a single-ionization threshold.

~2! The number of dark fringes in this oscillatory patte
increases smoothly with the excess energy above the sa
point and is apparently independent of whether the excita
is on or off a large resonance although the overall inten
and some details of the pattern depend on the resonant c
acter of the excitation process.
Regarding the second point above, it is obvious that a sim
lation based on the semiclassical model described in the
vious sections assuming an isotropic distribution of the i
tial electron trajectories will necessarily lead to a smoo
evolution as a function of the energy. As a consequence,
agreement between experiment and model from this poin
view will simply validate the assumption relative to the in
tial distribution without giving the quantitative explanatio
that must necessarily rely on a full quantum calculation.

Let us first consider the general evolution of the interf
ence pattern predicted according to the description prese
above. First, the evolution of the interference pattern a
function of the field magnitude will be discussed at the ze
field-ionization thresholdE50. This evolution is presented
in Fig. 6, where the radial distributionf (R) has been plotted
for various realistic electric-field strengths from 1028 to
1024 a.u. ~one atomic unit of electric field is 5.14
3109 V/cm). Note that the simulations are performed usi
a field F that persists all the way to the plane of detectio
whereas the experiment involves a field-free region. The
fect of this field-free region is merely to magnify the size
the image, without affecting the interference pattern its
The size of the images shown in Fig. 6 is extremely sm
For instance, atE50, with a photoelectron spectrometer ha
9-7
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BORDAS et al. PHYSICAL REVIEW A 68, 012709 ~2003!
a meter long, the overall diameter of the image is about
mm at F51024 a.u. and 1 mm atF51028 a.u. The number
of dark fringes is, respectively, 5 and 50 under these co
tions. From Eqs.~18!–~22!, it follows that for E50, the
quantity SF1/4 is a constant. Combined with the fact th
R(b)F1/4 is a constant forE50, we can expect a quasicon
stant fringe spacing which depends only on the geometr
the spectrometer, and which is in the range 15–30mm in Fig.
6. Taking into account the typical resolution of positio
sensitive detectors~roughly 50 mm! and the finite spatia
extension of the interaction region where the excitation la
and the atomic beam overlap, such structures are absol
not visible without some modification of the imaging expe
ment. It is necessary to use some electron optics in the s
trometer in order~1! to compensate for the initial extensio
of the interaction region that is a strict limitation if a hom
geneous electric field is used and~2! to magnify the geo-
metrical pattern in order to resolve the detailed structure
the image by rendering the fringe spacing larger than
intrinsic resolution of the detector. Using the velocity-m
imaging geometry@23#, it is possible to solve the first limi-
tation and to project electrons with a unique initial veloc
vector originating from a source volume of about 1 mm to
single spot with a diameter smaller than 10mm. Of course,
when using velocity-map imaging, the electric field in t
extraction region is not homogeneous over the entire volu
of the spectrometer, but it may be assumed approxima
constant over the small interaction region. However,
electric-field strength in the extraction region is no long
connected in a simple way to the various voltages applied
the spectrometer electrodes. As a consequence, the ele
field value must be estimated from the observed Stark s
trum ~using the field dependence of the linear Stark effect! or
the electric-field value can be derived from the image its
as we will see in the following section. It turns out that t
adjustment of the calculated and experimental images is

FIG. 6. Radial distribution of the electron currentf (R) at energy
E50 for various electric fields ranging from 1028 to 1024 a.u. ~1
a.u. of electric field is'5.143109 V/cm). The maximum radius of
impact,Rmax

c , as well as the radius of the direct componentRl , are
indicated for the lowest-field value.
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tremely sensitive and this method has been used to refine
effective electric-field value. To solve the second limitatio
we have developed an electrostatic magnifying lens that
lows a magnification of the image on the detector by a fac
as large as 20 without deterioration of the image quality, a
above all without perturbation of the pattern of the interfe
gram @24#. With this magnifying lens, images can be r
corded with a radius of several millimeters in a kineti
energy domain and dc electric-field regime where~a! the
number of fringes is not too high, and~b! the continuum
Stark structure can be resolved. Due to our limited la
bandwidth ~0.07 cm21 in the visible, i.e., 0.14 cm21 after
frequency doubling!, condition ~b! was fulfilled only for F
.500 V/cm. However, working at a smaller field and a p
tentially larger image radius allowed us to obtain shar
images even though, in that case, the respective contribu
of the continuum and of the resonances was more difficul
distinguish.

A couple of remarkable aspects that were already m
tioned in the preceding section are visible in Fig. 6. First,
image size only changes very slowly as a function of
electric-field value. Indeed, atE50 the maximum radius
Rmax

c is proportional toF1/4 and going from a moderate fiel
of 1028 a.u. ~about 50 V/cm! to a very large field of
1024 a.u. ~about 500 kV/cm! merely divides the image di
ameter by a factor of 10. Second, the fringe spacing is alm
independent of the field value owing to the fact that t
reduced actionS(b) scales asF1/4. From a purely experi-
mental point of view, this means simply~and rather counter-
intuitively! that the interference pattern will be more eas
resolved at a very high-field value where the low number
fringes combined with the lens magnification allows fu
resolution of the image. A low-field value of a few V/cm
implies about 100 dark fringes atE50, which is absolutely
impossible to image with available detectors, while furth
more high-resolution velocity-map imaging becomes exp
mentally more challenging at low electric-field strength
where loss of resolution due to small stray magnetic fie
becomes a factor. On the contrary, working in the field ran
F'500– 1000 V/cm will simultaneously allow us to resolv
the Stark spectrum in the energy domain, and the fringe
tern in the geometrical domain.

Figure 7 presents a series of simulations of radial dis
butions atF51026 a.u. and at a range of excitation energi
betweenE5Esp and E50. The evolution of the indirect
~outermost! contribution peaking atR5Rmax

c and the direct
~innermost! contribution appearing atE>Edir'0.77Esp, and
peaking atR5RI is clearly distinguished. Furthermore, th
development of the fringe pattern in the radial distribution
clearly observed. Note that, even though no simple sca
law can be derived for the evolution of the fringe spacin
except atE50, where it is approximately constant as a fun
tion of the electric field, the distance between two da
fringes slowly decreases as the excess energy increases.
also that the periodicity is roughly the same in the cen
part of the image (R,RI) where both direct and indirec
trajectories contribute, and in the external part (Rl,R
,Rmax

c ) where only indirect trajectories are contributing. Th
9-8
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SEMICLASSICAL DESCRIPTION OF . . . PHYSICAL REVIEW A 68, 012709 ~2003!
buildingup of the interference structure is more clearly se
in Fig. 8 where we have decomposed the total radial dis
bution in its direct and indirect components. This is achiev
by calculating the square modulus of the amplitude by
stricting the domain of ejection angles to the appropri
region. Direct and indirect trajectories lead to two co
pletely different structures with noticeably smaller fring
spacing in the indirect component. In the inner region of
image, the regular patterns of the direct and indirect com
nents give rise to a beating pattern and to a strong mod
tion of the dominant direct electron signal by the weak
electron signal corresponding to the indirect trajectori
which has a higher spatial frequency.

In conclusion, the most striking results of these simu
tions, based on the assumption of an isotropic initial dis
bution, are the following:~1! just above the saddle-point en
ergy and below the onset of direct trajectories (Esp<E
<Edir), the interference pattern is regular and evolv
smoothly as a function of the excess energy,~2! as soon as
direct trajectories are allowed (E.Edir) a second intense
pattern appears, at a lower spatial frequency, and a bea
between the two patterns is visible in the radial distributio
Qualitatively, these two observations are in complete ag
ment with our experimental results~see the following sec-
tion!.

FIG. 7. Radial distribution of the electron currentf (R) at vari-
ous energies between saddle pointEsp andE50 in an electric field
F51026 a.u. ~thin solid lines!. The evolution of the maximum ra
dius of impactRmax

c and of the radius of the direct componentRl as
a function of the energy are plotted in broad dotted lines.
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We note that the semiclassical approximation fails wh
the momentum vanishes somewhere along the traject
This is the case for trajectories that reach a local maxim
in the radius@either Rl for direct trajectories orRmax

c for
indirect trajectories, see Eq.~25!#. As a consequence, th
simulations are invalid in the extreme outer part of the ima
corresponding to the indirect component and at the outer
of the contribution corresponding to the direct component.
these points the present simulation diverges, while a tr
ment taking properly into account the quantum nature of
problem and the contributions due to tunneling integr
would smooth out the pattern in these regions. However,
difference between our semiclassical description and an
act quantum description is expected to be substantial onl
these very limited regions of the image and does not af
the overall structure of the image.

V. COMPARISON WITH SOME EXPERIMENTAL
RESULTS

As described in previous Refs.@5,20#, the present experi-
mental results are obtained in the imaging of photoionizat

of metastable (6s@ 3
2 #J52) xenon atoms produced in a sta

dard electron-impact source. The experimental results c
pared to the semiclassical model in this paper were obta
when the metastable atoms were one-photon excited ab
the ionization threshold by means of a frequency-doub
tunable dye laser in the near UV@Nd:YAG ~yttrium alumi-
num garnet! pumped Quanta-Ray PDL-3, with a 0.07 cm21

bandwidth in the visible#. The laser polarization was set pa
allel to the plane of the detector. In usual velocity-map i
aging experiments, this constraint of having the laser po
ization in a plane parallel to the detection plane is required
order to be able to retrieve the three-dimensional veloc
distribution from the image. The laser polarization is chos
as the vertical axis in Figs. 9–11. However, perpendicu

FIG. 8. Decomposition of the radial distribution of the phot
electron currentf (R) in its direct and indirect contributions atE
50 andF51026 a.u. Bottom: square of the amplitude of the ind
rect electrons’ contribution. Middle: square of the amplitude of t
direct electrons’ contribution. Top: total photoelectron current
sulting from the combination of both amplitudes.
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BORDAS et al. PHYSICAL REVIEW A 68, 012709 ~2003!
polarization may be chosen to use different selection ru
These observations in perpendicular polarization will be
scribed in a forthcoming experimental paper. The excitat
occurs in the extraction region of a velocity-map imagi
spectrometer equipped with a magnifying lens required
visualize the interference pattern as described in Ref.@24#.

Figure 9 shows a typical experimental image recorded
field strength of 615 V/cm and with the laser tuned abo
23.8 cm21 (E52128.0 cm21) above the saddle-point en
ergy. The interference pattern is clearly observed, and
distinct bright fringes corresponding to constructive interfe
ence are visible. The radial probability distributionPexpt(R),
derived from the image using the procedure outlined, is co
pared with the simulation performed along the procedure
scribed above. In contrast with the preceding section,
simulation results presented in this section have b
smoothened in order to take into account the limited exp
mental resolution and to reduce the influence of the sin
larities in the semiclassical calculations, which were d

FIG. 9. Left: experimental photoelectron image recorded in a

electric field of 615 V/cm, by exciting metastable Xe 6s@
3
2 #J52 23.8

cm21 above the saddle point with a tunable ultraviolet laser pol
ized parallel to the plane of the detector, and along the vertical a
Right: comparison of the experimental~broad solid line! and theo-
retical ~thin solid line! radial probability distributionsf (R) of the
image.

FIG. 10. Photoelectron images recorded on resonances aF
5615 V/cm. The energy increases from left to right. First image
E52152.43 cm21 is taken 0.6 cm21 below Esp'2151.8 cm21

and corresponds to the case where photoionization occurs via
neling, which is not accounted for by our semiclassical descripti
Other images are recorded between 1.5 and 14.9 cm21 aboveEsp.
01270
s.
-
n

o

a
t

e
-

-
e-
e
n
i-
-

-

cussed in the preceding section. A series of images w
recorded similar to Fig. 9, while scanning the ionization la
frequency between the saddle-point and the zero-fie
ionization threshold at field strengths of 615 V/cm allowin
measurements both on pronounced quasidiscrete Stark
nances and between them. A number of representative
ages are shown in Fig. 10. As already mentioned, one of
most striking results of these measurements is the sm
evolution of the interference pattern when the energy
creases. In the entire excitation range, the number of d
fringes increases smoothly as a function of the excess en
and—to a first approximation—the quasidiscrete Stark re
nances only affect the amplitude of the modulation of t
various fringes, but not the fringe position. This is unde
scored by the fact that the images in Fig. 10 were selecte
the basis of the appearance of the excitation spectrum
suggested that these images result from excitation to e
neighboring members of one single Stark manifold or
overlapping manifolds. Indeed in this energy range, w
above the Inglis-Teller limit, various manifolds correspon
ing to successive principal quantum numbersn are overlap-
ping and, except the azimuthal quantum numberml strictly
controlled by selection rules, no precise quantum num
may be defined. Nevertheless, from Fig. 10 it is abundan
clear that the number of fringes observed in the experim
is not at all related to the approximate transverse parab
quantum number of a particular Stark state, but are de
mined by the energy with respect to the saddle point. An
lar distributions observed in the experimental images will
described elsewhere, since they cannot be interpreted w
the semiclassical model.

The image presented in Fig. 9 is typical of the obser

c

-
is.

t

n-
.

FIG. 11. Experimental photoelectron image recorded in a

electric field of 615 V/cm, by exciting metastable Xe 6s@
3
2 #J52 46.3

cm21 above the saddle-point energy. The central part of the im
is dominated by direct trajectories. The outer part~spilling out of
the detector!, which is almost too weak to be seen on this sca
corresponds to indirect trajectories. Interferences between d
and indirect trajectories are revealed in the central part of the im
by irregularities in the fringe pattern.
9-10
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SEMICLASSICAL DESCRIPTION OF . . . PHYSICAL REVIEW A 68, 012709 ~2003!
tions at energies belowEdir . Above Edir the appearance o
the image is qualitatively different and contains an inten
central portion, which corresponds to direct ionization, s
rounded by a weaker portion, due to indirect ionization. T
is clearly visible in the image presented in Fig. 11, which
similar to Fig. 9 except that the energy now is 46.3 cm21

(E52105.5 cm21) above the saddle-point energy. Qualit
tively, the interference in the inner region looks considera
more complicated: several of the interference rings are v
intense, whereas others seem to be missing. As discuss
the preceding section, in the inner region the radial peri
of the interference structures corresponding to the direct
the indirect path are incommensurate and a beat pattern
curs, where the interference at some radii is enhanced, w
at other radii the two contributions partially cancel ea
other.

In Fig. 12, a series of experimental radial distributions
compared with the corresponding semiclassical simulatio
The laser wavelength is calibrated absolutely along ato
lines and the only adjustable parameter is the electric-fi
value that is known only approximately from the volta
settings applied to the electrodes and slightly more preci
from the Stark spectrum itself. Considering the approxim
tions made and the failure of the semiclassical approxima
in the region of the maximum radius, near the caustic s
face, the agreement between experiment and theory is
satisfactory. Some discrepancies are, of course, obse
when comparing the relative intensities of the vario
fringes, however, their positions as well as most relative
tensities are well reproduced by our calculations. Note tha
this series of radial distributions, several of the images h
been recorded on strong resonances, and others bet
resonances. The only difference~at least in this region of
energy belowEdir where no competition between direct an
indirect trajectories occur! that is experimentally noticeabl
in this case is the absolute intensity that is, of course, m
larger on-resonance. At higher energy, and in particu
above the direct threshold energyEdir , images have been
recorded but the experimental resolution is only partial d
to the large density of fringes. As a consequence, the c
parison is only qualitative and no direct comparisons
presented here.

The comparison between the experimental results and
semiclassical simulations is further illustrated in Fig.
where the positions of dark fringes in the experimental a
the semiclassical images are shown as a function of the
citation energy above the saddle point, for a field strength
615 V/cm. The comparison shows convincingly that the
terferograms are well understood on the basis of the isotr
contribution calculated in the semiclassical model, at leas
the limited region of energy where the experimental reso
tion is sufficient to observe the details of the interferen
pattern. The number of dark fringes observed is exclusiv
governed by the photoelectron excess kinetic energy and
strength of the electric field, and does not at all seem
depend on the approximate parabolic quantum number
the quasidiscrete Stark states excited, which cannot be p
erly defined in the case of a nonhydrogenic system suc
xenon. The influence of being on- or off-resonance is mo
01270
e
-
s

y
ry

in
s
d
c-

ile

e
s.
ic
ld

ly
-
n
r-
ry
ed
s
-
in
e

een

h
r

e
-

e

he

d
x-
f

-
ic
in
-

e
ly
he
o
of
p-
as
ly

limited to the angular distribution as a function of angleu
and to the ratio of the direct and the indirect contribution
the image.

We conclude that the extremely good agreement betw

FIG. 12. Comparison between experimental measurement
the radial distributionf (R) and semiclassical calculations. The ele
tric field is F5615 V/cm. The energy ranges between 16.1 and 3
cm21 above the saddle-point energy.
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FIG. 13. Comparison of the experimental~1! and theoretical~thin solid line! position of dark fringes in the images, for images record
in a dc electric field of 615 V/cm. The radiusx is given in pixels. Only two varying parameters are used for this global comparison
electric-field value~approximately determined from the electrode settings!; and the magnification ratio~the proportionality factor between
experimental and calculated radii! giving the absolute image size.
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experiment and a theory based on an isotropic initial dis
bution of electron trajectories shows unambiguously tha
contrary to predictions in the literature pertaining to atom
hydrogen@10#—interferograms for the photoionization of
nonhydrogenic atom such as xenon can be almost comple
understood on the basis of continuum contributions and
not dominated by the nodal structures of well-defined qu
discrete Stark resonances with given (n1 , n2 , m) parabolic
quantum numbers. In other words, the system behaves
the electrons were ejected isotropically with respect to
external electric field.

VI. CONCLUSION

The agreement between experiment and theory is rem
able given the assumptions made. In fact, most discrepan
between the experimental results and the semiclassical m
are likely attributable to the semiclassical approximation
self. In addition to the failure of the semiclassical appro
mation when the electron momentum goes to zero, i.e., w
the electron trajectory passes nearby the caustic surface
have neglected the contribution of tunneling integrals. Thi
especially sensitive at the limit of the classically allow
region, i.e., on the external part of the image, but also at
peak of maximum intensity corresponding to the direct t
jectories’ component. The approximation can affect the re
tive intensity of the various interference fringes but gives
correct positions for the interferences. A full quantum calc
lation would undoubtedly lead to a better quantitative agr
T
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ment. These quantum calculations will be performed in
future in the framework of the generalized multichann
quantum-defect theory. Qualitatively, however, the over
features are already understood in the semiclassical app
mation.

In conclusion, our results demonstrate without ambigu
that photoionization microscopy allows a deeper insight i
ionization processes in an external electric field. Interfere
patterns corresponding to the transverse component of
Stark wave function have been observed. The continu
contribution is clearly dominant for a nonhydrogenic syste
such as xenon. Clearly, similar experiments on atomic hyd
gen are required in order to clarify the distinction betwe
parabolic states and continuum~or background contribu-
tions!. Beyond a direct observation of the electronic wa
function, photoionization microscopy provides a model s
tem to access selected parts of the wave function and all
the construction of an atomic-size interferometer with pot
tially wide field of applications.
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